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Zeros of the dilogarithm 


Cormac O’Sullivan* 
July 30, 2015 


Abstract 

We show that the dilogarithm has at most one zero on each branch, that each zero is close to a root of 
unity, and that they may be found to any precision with Newton’s method. This work is motivated by ap¬ 
plications to the asymptotics of coefficients in partial fraction decompositions considered by Rademacher. 
We also survey what is known about zeros of polylogarithms in general. 


1 Introduction 

In the recent resolution of an old conjecture of Rademacher, described below in Section [L2l the location of 
a particular zero, wq, of the dilogarithm played an important role. It has been known since IILR001 that the 
only zero of the dilogarithm on its principal branch is at 0. The zero wq is on the next branch. Zeros on 
further branches were also needed in llO’Sall and in this paper we locate all zeros on every branch. 

The dilogarithm is initially defined as 

OO 

Li 2 (2):=X“2 for \ z \ ^ I 1 - 1 ) 

n =1 n 


see for example CMax031 Zag07| , with an analytic continuation given by 

. du 


l 


- / log(l - u)- 


u 


( 1 . 2 ) 


The principal branch of the logarithm has —7r < arg z ^ tt with a branch cut (—oo,0]. From (11.21) . the 
corresponding principal branch of the dilogarithm has branch points at 1, oo and branch cut [1, oo). Crossing 
this branch cut from below, it is easy to show that the dilogarithnr increases by 27ri log (z) over its principal 
value. On this new sheet there is now an additional branch point at 0 coming from the logarithm. In general, 
the dilogarithm is a multi-valued holomorphic function with branch points at 1 , oo and off the principal 
branch another branch point at 0. For clarity, the notations Li 2 (^) and log(z) will mean the principal branches 
of these functions from this point. We also note that Li 2 (z) may be expressed as a 3F 2 hypergeometric 
function, see IAAR991 Sect. 2.6], with Li 2 {z)/z = 3-F 2 (l, 1,1; 2, 2; z). 


1.1 Main results 

On any branch it follows, see for example liLR00llMax03il . that the dilogarithnr must take the form 

4>a,b(z) ■= Li 2 (z) + 47 t 2 A + 27 xiB log ( z) (A, B € Z, z € C) 

and so we want to know when 4>a,b{z ') = 0. 
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Theorem 1.1. For A, B G Z, the function (J>ab(z) has no zeros in C unless 


(i) B = 0 and A ^ 0 or 


(ii) -\B\/2<A^\B\/2. 

If(i) or (ii) holds then 4>a,b{z) has exactly one zero and it is simple. 

On the principal branch we will see, as noted earlier, that Li 2 (z) = (fufz) has just the zero at z = 0. 
Theorem 1.2. For A £ if f> a fl(p) = 0 then 

p = — exp ^y^Gl — 1/3^ + O [l/s/A^ . 

With the initial value — exp ^tt sj 8,4 — 1 /3j, Newton’s method applied to <Pa,o produces a sequence con¬ 
verging quadratically to p. 


Note that by conjugation, 4>a,b(p ) = 0 if and only if 0a. n(j>) = 0. So for B f 0 we may assume 
B ^ 1 without loss of generality. The second Bernoulli polynomial is defined as B 2 (x) := x 2 — x + 1/6 
and Clausen’s integral is 


Cl 2 (6>) := — / log |2sin(x/2)| dx, 


(1.3) 


both shown in Figure [U 


Theorem 1.3. Let A and B be integers satisfying — /i/2 < A f B/2 and suppose (pA.is(p) = 0. The 
sequence cq, C\, ■ ■ ■ defined as 


c 0 : = 


exp(27rz^4/fi) if A / 0 
exp(7r//(12fi)) if A = 0, 


Cn+1 •— C-n 


<t>A,B{Cn) 

4 > A,B( Cn ') 


for n ^ 0, 


(1.4) 


converges quadratically to p. Using c\, we have 

- C1 2 (2t tA/B) + m 2 B 2 (\A\/B) \ 
2nB ) 


p = e 2niA/B (^1 + 


+ o 


1 + log B 

lu 


(1.5) 


for an absolute implied constant. 

The above three theorems are proved in Sections [3] —17] after some preliminary results are reviewed in 
Section [2] The dilogarithm is the case s = 2 of the polylogarithm Li s (z). We put our results in context 
in Section [8] by describing what is known about the zeros of Li iS (z) for a general fixed s £ C. It turns out 
that for Re(.s) 0 very much is known, at least for zeros on the principal branch, due to work of Le Roy, 
Frobenius, Reisz, Peyerimhoff, Sobolev, Gawronski and Stadtmiiller among others. 


1.2 Rademacher’s conjecture 

We briefly describe here the work that led to our study of dilogarithm zeros. Rademacher conjectured in 
I Rad73 . p. 302] that the coefficients Chkf N) in the partial fraction decomposition 

TT 1 = C 0U (N) _ Chki(N) _ Cqin(N) 

-jjj 1 — qi q — 1 (q — e 2mh / k Y (q — 1) N 

converge as N -A- oo to the corresponding partial fraction coefficients of the infinite product ]~[ /= ] 1/(1 —q ! ). 
Rademacher had previously given a partial fraction decomposition of this infinite product using his famous 
exact formula for the partition function p(n), of which it is the generating function, see I Rad73 pp. 292 - 
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302]. Of course, nf.i v(i — q J ) is the generating function for p^(n), the number of partitions of n into at 
most N parts. 

Sills and Zeilberger in ISZ13t obtained numerical evidence that the conjecture was not correct and in 
IQ’S 1 5 1 the true asymptotic behavior of C'on(iV) was conjectured to be 


Cqu(N) = Re 


(-2z 0 e~ nizo 


w. 


-N 


N 2 


+ o 


TO 


(1.7) 


for wq the dilogarithm zero satisfying (j>o- | (wo) = 0 and z 0 given by wq = 1 — e 2mz o f or 1/2 < Refzo) < 
3/2. With Theorem 1 1.31 we find 


w 0 « 0.91619781620686260140 - 0.18245889720714117505i, 
z 0 » 1.18147496973270876764 + 0.25552764641754743773*. 


Then |u>o| < 1, (see the conjugate of wo in Figure [3]), and (11.71) implies that Cqh(N) oscillates with expo¬ 
nentially growing amplitude and diverges. Slightly weaker forms of (11.71) . enough to disprove Rademacher’s 
conjecture, were independently shown in (DG141 and liQ’Safl with different proofs, but both employing the 
saddle-point method. The formulation of the main term in (11.71) is a little different in flDG14|| . 

The proof in MO’Safl is based on breaking up Con(IV) into manageable components that are similar to 
Sylvester waves. Let w(A, B ) denote the zero of 4>a,b when it exists. The appearance of the dilogarithm 
zero wo = w( 0, —1) in I IP’Sai l, as well as w(0, —2) and w( 1, —3), comes from estimating the following 
sums (11.8b . (11.91) and (11.10b which correspond to some of the largest components of Con(iV). Set 

g 2niz 

Qhkli^ ) •- 2m Res^ ^ _ e 2ni2zj . . . (I _ e 2mNz ) 


and 

Zi := 2 + log(l - n/(0,-2))/(27T i), z 3 := 3 + log(l - w(l,-3))/(2m). 

Then it is proved in 10’Sa. O’Shi that 


2Re Y, 

N/2<k^N 

2Re Y QikiW 

N/3<k^N/2 

2Re Y QMN) 

N/2<k^N, k odd 


Re 


Re 


Re 


2 z 0 e 


— TTIZQ 


w(0,— 1) N 


N 2 


3 «i _-wwi w (°> - 2 ) 


-Nl 


2 6 


N 2 


+ 0 

+ o 


z 3 „ iz w(l,-S) 


—N 


4 6 


N 2 


+ o 


\w{0,-l)\~ N 
N 3 

M0,-2)1"” 
N 3 

w(l,-3)|~” 

N 3 


( 1 . 8 ) 

(1.9) 

( 1 . 10 ) 


In fact these are special cases of the results in l O’SallO’Sbl . See Sections 1, 6 of liO’Sal for a more detailed 
account. In forthcoming work we also show that wo = w( 0, —1) similarly controls the asymptotics of the 
first Sylvester waves. 


2 Some properties of the dilogarithm 

We have seen that 4>a,b(z) is defined as a single-valued function on C. Away from the cuts (—oo,0] and 
[1, oo) it is holomorphic with 

Z( I ), a,b{ z ) = — l°g(l — z) + 2iriB for z 0 (—oo, 0] U [1, oo). (2.1) 

We will also use (12.1b for z € C — [1, oo) when B = 0. For x € (—oo, 0), as usual, 

lim log(x + iy) = log(x) — 2iri. (2.2) 

y-*- 0” 


lim log(x + iy) = log(x), 
o+ 
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Similarly, for x € [1, oo) 


lim Li 2 (x + iy) = Li 2 (x) + 27rilog(x), lim Li 2 (x + iy) = Li 2 (x). (2.3) 

y— >0+ y—>o~ 


Thus we see that if z makes a full rotation in the positive direction about 0 then 4>a,b —>• 4>a+b,b ■ A full 
rotation in the negative direction about 1 means 4>a,b —>• 4>a,b+ i- We have the natural matrix representations 





(2.4) 


(2.5) 


and the 3 x 3 matrices in (12.41) . (12.51) generate the well-known monodromy group of the dilogarithnr. This is 
the non-abelian Heisenberg group 



f A 

X 

A 

\ 

H 3 (Z) : = 

° 

1 


x,y,z e Z 


l \o 

0 

i ) 

J 


as described in |Vep08 p. 244], for example. 

For all z € C, except for the given restrictions, the dilogarithnr satisfies the functional equations 


Li 2 (l /z) = - Li 2 (z) - Li 2 (l) - i log 2 (-z) z 0 [0,1), 

Li 2 (l - z) = - Li 2 (z) + Li 2 (l) - log(z) log(l - z) z ^ 0,1. 


(2.6) 

(2.7) 


Note that Li 2 (l) = £(2) = tt 2 /6. Equations (12.61 ) and (12.71 ) are shown in HMax031 Sect. 3], for example, for 
z ^ [0, oo) and z ^ (— oo, 0] U [1, oo) respectively. Then use (12.21) . (12.3b to obtain (12.6b and (12.71 ). For the 
excluded z values, (12.61) becomes 


Li 2 (l/x) — 27rilog(x) = — Li 2 (x) — Li 2 (l) — ^log 2 (— x) x € (0,1). 
Recall B 2 {x) = x 2 — x + 1/6 and Cl2(0) from (11.31) . As in IIMax031 Sect. 8] we have 

Re(Li 2 (e 27r “)) = V cos ( 2 ™s) = ^B 2 {x - [xj) (x € R) 

Z-✓ n z 

n —1 

Im(Li 2 (e 2 ™)) = jr Sin(2 ^ nX) = C 1 2 ( 27 tx) (x € R). 

Ti 

n =1 



( 2 . 8 ) 

(2.9) 


The function Cl 2 ($) is odd, has period 2vr and satisfies 2 Cl2(0) — 2 Cl2(7r — 0) = Cl 2 (2 6). Then 

C1' 2 (0) = -log |2sin((9/2)|, Cl "(0) = -^cot(0/2) (2.10) 
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and | CI 2 (0)| has its maximum at 6 = tt/3, for example, with maximum value 

* := V Sim( ” /3) * 1.0149418. (2.11) 

n= 1 " 

From HRad73l (11.1)], 

cotw = i - f (0 < M < IT) (2.12) 

n=l ' 

for the Bernoulli number. Integrating (12.121) twice we find 

°° I D I 

Cl 2 («) = e - Slog |0| + £ ' ! " d 2 "- 1 - 1 (-2, < 9 < 2^) (2.13) 

n=l ' ' 

and as in IQ’Sai Lemma 3.7] it follows from (12.131 ) that 

|C1 2 (0)K |0| - |6»| log |6>| + |6»| 3 /54 (-tt < 9 < vr). (2.14) 

3 Zeros of 4 > a,o 

In this section we locate the zeros of (j>A,o(z) = Li 2 (z) + 47r 2 A 
Lemma 3.1. We have Iiri L^z) = 0 if and only if z € (—oo, 1], 

Proof. We first note that LL (z) = Li 2 (*) is true for \z\ ^ 1 by (11,11) . so it must be true for all z in C — [1, oo) 
by analytic continuation. It follows that 

2fImLi 2 (;z) = Li 2 (z) — Li 2 (^) = Li 2 (^) - Li 2 (z) (z € C - [l,oo)) 

and hence 

ImLi 2 (z) =0 for z € (—oo, 1]. (3.1) 

With (13.11 ) and (12.61 ) we can see that 

ImL^z) = — 7rlogz f 0 for 2 € (1,oo). (3.2) 

Write z € C as z = re 10 for r ^ 0 and —it < 6 0, tt. From (11.21 ) we have that 

4- Li 2 (re ie ) = —-log(l - re ie ) 
dr r 

and so 

4~lm.lj\2(re l6 ) = —Im ( - log(l — re 10 ) J = — - arg(l — re 10 ). (3.3) 

dr \r Jr 

Hence ImLi 2 (re 10 ) is a strictly increasing function of r for 0 < 9 < -k and strictly decreasing for — n < 
9 < 0. Since ImLi2(0) = 0 it follows that ImL^z) f 0 for z € C — M. Combining this with (13.11 ). (13.21 ) 
completes the proof. □ 

Proposition 3.2. Let A £ Z. Then 0 aj)(z) has one zero if A 0 0 and no zeros otherwise. 

Proof. With Lemma [3~il we see the only possible solutions to 0a.o( z ) = 0 have z = x € (—oo, 1], We 
know Li 2 (x) is continuous on (—oo, 1] and it is real-valued for these x by (13.11) . We have 

4~ Li 2 (aj) = — — log(l — x) > 0 for x € (—oo, 1) (3.4) 

dx x 
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so that Li 2 (x) is strictly increasing. If 0a.o (x) = 0 then 

7r 2 /6 = Li 2 (l) ^ Li 2 (x) = — Air 2 A 

implying that 4>a,o has no zeros for A < 0. For .4 = 0 there is the necessarily unique zero at x = 0. 
Now we assume A > 1. Then 


From the functional equation (12.61) we see 


Li 2 (-x) = \ log 2 (x) - Li 2 

o 2 \ x 


Note that 


I ~\n 00 1 „ 

|Li 2 (^)| ^ X] Ar < \z\^T— = \z' 

Z — J n z z —' n z 

n =1 n =1 
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and so (13.61) and (13.71 ) imply that, for x ^ 1, 


7i 1 


Li 2 (-x) = ^ log 2 (x) + e 

fa 2 


has a single solution, as required. 

Proposition 3.3. For A € Z^i, if 4>A,o{p ) = 0 then 

p + exp ^vr y/ 8 A - 1/3) I < l/\/I. 


Al) = -tt 2 /12. 

(3.5) 

(x > 0). 

(3.6) 

(1*1 < 1) 

(3.7) 


(3.8) 

x -A —00 and Li 2 (— x) = 

— 47T 2 2l 

□ 


Proof. It follows from (13.81) that 


p = - exp - 1/3 + e'j for \e'\ = —^ 4: ——. 


2|e| 1 


(3.9) 


We have —1/3^ e'^1/3 by (13.51) and therefore 

P 4 — exp ( 7T 

which in turn implies 


yf&A - 2/3) 

£ / | 4 exp (-vry/8^ - 2/3) /3. 


Next write 


exp (^ir^/ 8 A — 1/3 + e'^ = exp ^ Try/ 8 A — 1/3 (1 + u) 1 ^ 2 ^ 
with u = e' /{8A — 1/3). If u G C satisfies |rt| 4 1/2, say, we have the simple bounds 

(]l + n) V2 = 1 + w = 0 - |m| 4 |n|, 

exp(n) = 1 + w =4 |m| 4 2|it|. 

Hence 

exp ^ tt\J 821 — 1/3 (1 + n) 1//2 ^ = exp (^ry/ 8 A — 1/3 (1 + 

\/8H — 1/3^ exp (w ■ iry/8A — 1/3^ 


(3.10) 

(3.11) 


= exp ^7T 
= exp ( 7T 


\J&A - 1/3) (1 + w') 


for |w/| 45 2\w -Tty/ 8 A — 1/3| 45 2|u • tt^SH — 1 /3 using (13.101) and (13.111) . Then the error has the bounds 

2vr 


w exp 17r 


ry/SH - 1/3) 


4: 


4 


3^8^ - 1/3 
2vr 


exp 


: exp 


(ttV^4 - 1/3 - ny/ 8 A - 2/3^ 
(vry/S - 1/3 - TTy/8 - 2/3) < -^= 


3^8^ - 1/3 

as required, where we used that \Jx + c — is a decreasing function of x for x + c, x 4 0. 


□ 
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4 Newton’s method for 4 > a,q 

Proposition 4.1. Let z and c be two points in C with R.e(z), Re(c) ^ 1 — sfor s > 0. Then 

|Li 2 (z) - Li 2 (c) - (z-c) Li' 2 (c)| ^ \z - c| 2 ^. 

Proof We need to bound the remainder term in the following Taylor expansion of Li o{z) at c, 

Li 2 (^) = Li 2 (c) + (z — c) Li' 2 (c) + ^ ^ f - - ^ -r dw , 

w v 7 v 1 ’ 2m J c (w — c) 2 (w — z) 

where C is the circular path of radius T centered at 1 that avoids the branch cut [1, oo) as shown in FigureO 
The path C makes a small circle of radius e about 1 that is connected to a path from 1 + e to 1 + T just above 



Figure 2: The path of integration C 


the cut and a path from 1 + T to 1 + e just below the cut. Letting the horizontal paths meet the branch cut, 
we find the values of Li 2 (ru) with (12.31) . Use (12.61) and (12.71 ) to see that the growth of Li 2 (z) is logarithmic 
on the circles of radius T and e so that as T —>• oo and £->() their contributions to f ( , go to zero. Therefore 

— [ dw = r —— it . 

2m Jc (w - c) 2 (w - z) J 0 (t + 1 - c) 2 (f + 1 - z) 

Since \t + 1 — c\, |f + 1 — z\ ^ t + s and | log(f + 1)| ^ t, the proposition follows from 



log (t + 1) 

(t + l-c) 2 (t + l 




(t + s y 


■ dt 


1 

2s 


Write Da ■= exp 


(tty/SA - 1/3^ 


and c* := c - (j) A ,o{c) / f' A0 (c). 


□ 


Lemma 4.2. Let A € Zj. ]. Suppose p and c are in the interval 
<t>A,o{p) = 0. Then 


Proof. Let z = p and s 


|p-c*| < 

D a in Proposition |4T| to get 


I P~c \ 2 
2-ks/A ' 



l/s/~A, — Da + 1 / s/~A 


and 


(4.1) 


|&4,o(p) - (t>Afi{c) -{p- c)4>' A q{c)\ < I p- c| : 


2D a 


(4.2) 


Now c • 4>' a 0 (c) = — log(l — c) as in (12.11) and dividing (14.21 ) by <f' A 0 (c) finds 


\p~c*\ < \p-c\ 


2Da\ log(l - c)| 


< \p o| 


D a + 1/sfA | p-c 


< 


2D A ■ its/ZA - 1/3 2 tts/A 


□ 
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Let c 0 := -D a = - exp(7Ti/8A - 1/3) and c n+ 1 := c n - (f> AtQ (c) / (j>' Afi (c) for n ^ 

Proposition 4.3. Suppose A € Z;> | end p satisfies d>AS)(p) = 0- Then the sequence Co, c\, • • • above 
converges to p with 

I/O — c n | ^ 2irs/~A • (27tA) -2 . 

Proof. With Proposition 13.31 we know that p is in the interval [—D A — 1 /\fA- —D A + 1 / s/A\. Lcmma l4~2l 
implies that for any c € [—Da — 1/v/4, —Da + 1/\/A] we have |p — c* | < \p — c| so that c* remains in the 
interval. In this way, starting with co, we may keep applying Lemma l4~2l to each term in the sequence. We 
find n 

\p~Cn\ < / |p- C n _i| \ 2 < / \p C n —2 1 \ 4 < < / |/0-C 0 | \ 2 " 

2 ttVA v 27 ts/A ) v 27 tVA ) V 2v tVA ) 

and |/> - c 0 | ^ 1 / s/~A completes the proof. □ 

For example, with A = 1 the sequence produced by Proposition 14.31 has initial value Co ~ —5994.97063 
and next term c\ ~ —5995.08558. Taking more terms, we find G>\.o(p) = 0 for p ~ —5995.08558 which is 
correct to the precision shown and already given by c\. 

With the results in Sections [3] and [4] we have proved Theorem 11.21 and the B = 0 case of Theorem 11.11 
We prove the simplicity of all zeros in Proposition 17.41 


5 Zeros of 4>a,b 

Lemma 5.1. For A £ Z, B £ Z^i and have fi A) B{x) / 0. 

Proof. For x > 1, the imaginary part of </>a,b(®) equals 7r(—1 + 2 B) logic / 0 by (13.21) . For 0 ^ x ^ 1 the 
imaginary part of 0a.b(x) equals 2itB log x by (13.11) . This is zero only if x = 1, but then 

</>a,b( 1) = Li 2 (l) + 47 t 2 A + 27rfD log (1) = 7T 2 (l/6 + 4A) / 0. 

For the remaining case of x < 0 we have log x = log |:r| + ni so that the imaginary part of 0aji(x) equals 
2itB log | x |. This is zero only if x = — 1, but then 

4>a,b{- 1) = Li 2 (—1) + 4tt 2 A - 2t t 2 B = tt 2 (—1/12 + 4A - 2D) / 0. □ 


So we look for solutions to f A ,B(z) = 0 with z £ C - 1. The main idea to locate these zeros is to 
consider the vanishing of the real and imaginary parts of 4> A} b(z) separately. We will see that Im 0aj}(z) = 
0 makes a curve near the unit circle and Re 0AJi(z) = 0 makes a curve close to the ray from the origin 
through e 2mA / B when A is small enough. 

For Be fixed, write the imaginary part of 


as the function 

As in (13.31) . 


= Li 2 (re 10 ) + 47r 2 A + 2niB log (Ve* 6 ^ • 
Ie{r) '■= ImLi 2 (re i61 ) + 27rDlogr. 

% = \ ( 27tB ~ ^ - re ^) ’ 

I = —logli-^l' 


(5.1) 

(5.2) 


(5.3) 

(5.4) 


Lemma 5.2. Fix B £ Zj>|. For each 9 with 0 < \9\ < it there exists a unique r > 0 so that loir) = 0. 







Proof. With (15.31 ) we have > 0 so that Ig is a strictly increasing function of r. It is easy to see that 
lim r ._j>o Ie{r ) = — oo. With (12.61) . 

Li 2 (re l6> ) = - Li 2 

= - Li 2 - y ~ 7} (- log r + *(sg n O-ir-6)) 

'1 


and hence 


' - T : I l p -io\ _ nl _ * l og 2 f l e i(7T-0) 


Ig(r) = — ImLi 2 ( -e ld ) + (2irB + sgn# • tt — 9) logr. 


It follows that lirn^oo Ig(r) = oo and so exactly one r makes Ig(r) = 0. 


(5.5) 

□ 



Figure 3: The polar rectangle 72-o,i containing the zero iu(0,1) ~ 0.916 + 0.182i 


We may therefore define a function g(6) = gs(0), with domain (—tt, 0) U (0, n), equalling the unique r 
such that loir) = 0. This lets us parameterize the curve where Imd>/r = 0 for z € C — R as (f)(0). 6) 
in polar coordinates. Recall k ~ 1.015 defined in (12.1 II ). 

Proposition 5.3. The function g(0) is smooth and satisfies 

K 


exp 


7T 


1 <g(0) < exp 

m) <m < 1 


tt(2B - 1) 


for 

0 e (—tt, o), 

(5-6) 

for 

6 € (0, tt). 

(5.7) 

0q) is 

a solution to Ig(r) 

= 0. By the 


implicit function theorem, r satisfying Ig (r) = 0 is a function of 6 in a neighborhood of 6q provided 

dl 

tt- ± 0. (5.8) 

r (r,0)=(r o ,0o) 

As we have already seen with (15.31) . the left side of (15.81) is always > 0. Thus, the implicit function theorem 
confirms that r is a function of 0, and that g is differentiable as many times as I is. Hence g is a smooth 
function of 6. By implicit differentiation we have for example, using (15.31) . (15.41) . 

log |1 — re l9 \ 


'<n\ 91 / 91 

9(e) = -mlfr =r 


for r = g(9). 


(5.9) 


2ttB — arg(l — re 16 ) 

Next we prove the bounds (15.61) . (15.71 ). For r = 1 we have Ig{ 1) = C1 2 (0). Since we have seen that Ig is 
a strictly increasing function of r it follows that, see Figures Q] and EJ 


6 € ( — TT, 0) 
6 € (0, tt) 


C1 2 (0) < 0 
C1 2 (0) > 0 


9(0) > 1, 
9(0) < 1 


(5.10) 

(5.11) 










giving the lower bound in (15.61) and the upper bound in (15.71) . 

For 9 £ (—7r, 0), Ig(r ) = 0 implies that r > 1 by (15. 10b and, employing (15.51) . 


(27 tB — 7 t — 6 ) logr = ImLi 2 ^-e 1 J < ImLi 2 (^le 1 J ^ k 

since Im Li 2 (te~™) is increasing in t as we saw after (13.31 ). The upper bound in (15.61) follows. For 9 £ (0,7r), 
Ie(r) = 0 implies that r < 1 by (15.1 II) and so 


2nBlogr = —ImLi 2 (re 16 ) > — ImLi 2 (le 10 ) ^ —k. 

This gives the lower bound in (15.71) and completes the proof. 

With Proposition 15.31 we may restrict our attention to r in the interval (0.8, 2) since 


□ 


0.85 ~ exp ( j < r < exp (— 


7T 


1.38 


corresponding to (15.61 ). (15.71) with B = 1. 

For A, B fixed, write the real part of (15.11) as the function 


R r {9) := ReLi 2 (re i0 ) + 4 t r*A - 2 itB9. 


(5.12) 


We see with (12.31) that R r (9) is a continuous function of 0 £ [—7 r, 7 r] . It is always smooth for 9 £ (—7r, 0) U 
(0,7r) but it is not differentiable at 9 = 0 when r f 1. Similarly to (15.31) . (15.41) we have 


dR 

~89 

dR 


= —2irB + arg(l — re™), 


1 


= —log |1 — re l6 \. 
or r 


(5.13) 

(5.14) 


Lemma 5.4. Fix B £ Zj>i and r in the intetyal (0.8, 2). 

• If —B / 2 < A ^ B/2, then there exists a unique 9 £ (— 7 r, 0) U (0,7r) so that R r (9) = 0. 

• Otherwise, if A ^ — B/2 or B/2 < A, then there is no solution to R r (9) = 0 with 9 £ (—7r, 0)U(0, 7 t). 

Proof With (15.131 ) we have ^ < 0 for 9 £ (— 7 r, 0) U (0,7r) so that R r is a strictly decreasing function of 
9. Therefore 

where 


R r {it) < R r (9) < R r ( —7r) for — -it < 9 < n 

R r (Tt) = ReLi2(—r) + Fit 1 A — 2 it 2 B, 

Rr{ —7r) = ReLi 2 (—r) + 47r 2 ^4 + 2 ir 2 B. 


(5.15) 

(5.16) 


Hence, for r > 0 fixed, R r (9) = 0 has a solution 9 if and only if R r (Tt) < 0 and R r {—it) > 0. With (15.151) . 
(15.161) these conditions are equivalent to 


B ReLb(— r) B 

-2 <A + ^r^ < 2 ' 

Note that Re Li 2 (x) is increasing by (13.41) so that 

— 1.44 « ReLi2(—2) < ReLi2(— r) < ReLi2(—0.8) ~ —0.68, 

and the result follows. 


(5.17) 


□ 
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For A, B E Z with —B/2 < A ^ B/ 2, we may therefore define a function /i(r) = with 

domain (0.8, 2), equalling the unique 6 E (—7r, 0)U(0, 7 t) such that R r (9) = 0. Then (r, h(r)) parameterizes 
a part of the curve defined by Re 4>a,b{z) = 0. 

Proposition 5.5. For r E (0.8, 2) the function h(r ) = I)a.b(i') is smooth and satisfies 


TV 

~B 


2A- 


7r 


< h-A,s( r ) < 2R + 


B 


{-B/2 < A < B/2). 


For .4 = 0 we have the improvement on (15.181) 

7T 


7T 


and for A = B/2 with B even 


24B < h ° B{r) < SB 


* ~ ^ < h B/2,B(r) < vr. 


(5.18) 

(5.19) 

(5.20) 


Proof For any ro in the domain of h, set 6q = h{rf). Then (ro, Of) is a solution to R r {6) = 0. By the 
implicit function theorem, 0 satisfying R r (6 ) = 0 is a function of r in a neighborhood of r 0 since 

S < 0 (5-21) 

aU (r,0)=(ro,(9o) 

by (15.131) . The theorem also says that h is differentiable as many times as R is. Flence h is a smooth function 
of r. By implicit differentiation we have for example, using (15.131) . (15.141) . 

... , dR /dR 1 log 1 1 — re® 6 * 1 

h(r) = -fr/w 


for 0 = h(r). 


(5.22) 


r 2nB — arg(l — re lS ) 

The bounds (15.181 ). (15.191 ) and (15.201) follow from (15.121 ) and estimates for ReLi 2 (?’e* e ) which we work 
out next. First we note that ReLi 2 (re* e ) is continuous for r ^ 0 and — 7r ^ 6 ^ 7r. As in Lemma IXTl we 
can show ReL^re - * 0 ) = Re Li 2 {re ie ). Also ReLi 2 (re* 61 ) is strictly decreasing as a function of 0 when 
0 ^ 0 ^ 7T and as a function of r it is increasing for r <2 cos 0 and decreasing for r > 2 cos 6. 

The maximum value of ReLi 2 (re* e ) occurs at (r, 0) = (2,0) and equals 7 t 2 /4. Since ReLi 2 (—2) > 
—7 t 2 /4 it follows that 

|ReLi 2 (re^)| < tt 2 /4 (r < 2). (5.23) 

Then (15.181) is implied by (15.12b and (15.231) . For A = 0 this means — < hwpjr) < Flowever, for 

r € (0.8,2) and —7r/8 < 0 < 7r/8 we have ReL^re* 0 ) > Re Li2(0.8e“* 7r//8 ) > 7r 2 /12. This gives the 
improved lower bound in (15.19b . Finally, (15.201) is a consequence of 


ReLi 2 (re* y ) <0 for r > 0, |0| ^ -k/2. 

The bound (15.241) is true since ReL^re* 71 "/ 2 ) is decreasing from the value 0 at r = 0. 


(5.24) 

□ 


Let B E Z^i. For each ,4 E Z satisfying —B/2 < A f B/2, based on the bounds in Propositions 15.31 
and !5.51 define the following polar rectangles: 


Ka,b ■= {(r-,0) n ^ r ^ r 2 , 0i ^ 0 ^ 0 2 1 


where 



exp(— k/ (27 tB)) 

exp(K/(7r(2R — 1))) 

1 

it{2A - 1/8 )/B 
tt/(24R) 

tt( 2A + l/8)/R 

7r 


for 


B/2 < A < 0 

for 

0 

^ A < B/2 


for 

- B/2 < A < i 


for 

0 sj A < B/2 

for 

A 

/o 

for 

A 

= 0 

for 

A 

fB/2 

for 

A 

= B/2. 
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For example, see Figure[3]for 'R, {) ,. 

Theorem 5.6. For A € Z and B € Z^i, we liave solutions to (/>a,b(z) = 0 if and only if—B/2 < A ^ B/2. 
For such a pair A, B the solution z is unique and contained in the interior of the polar rectangle 1Z \ n- 

Proof. Let r\, r 2 , 0i, 0 2 be defined as above, giving the boundaries of 1Za,b■ With Propositions 15.31 and 15.51 
we have seen that there exist continuously differentiable functions g, h with 


9 ■ [ 0 i, 02 ] -± {n,r 2 ), h : [ri,r 2 ] -± (0i,0 2 ) 


and 


Solutions to 4>a,b{z) 


log 11 — re* 0 | ut( 

' ' 2 t tB- arg(l - re ie ) ’ h ^ 

= 0 must be points in the intersection 


1 log 11 —re* 0 1 
r 2nB — arg(l — re* 0 ) 


(5.25) 

(5.26) 


( 5 ( 0 ), 9 ) 0 i <$< 6 2 n (r, /i(r)) ri<r<r2 . (5.27) 

The denominators 2nB — arg(l — re* 0 ) in (15.261 ) are positive and bounded below by tt(2B — 1). We have 
log 11 — re* 0 1 = 0 if and only if r = 2 cos 0 and it is straightforward to show that the curve r = 2 cos 0 
intersects 7 Za,b if and only if A = ±27/6. 

Suppose first that —B/ 6 < A < B/ 6. Then we have log 11 — re* 0 | < 0 for all (r, 0) € 7 Za,b and 
therefore h'(r ) > 0 and f/(0) < 0 for all r and 0 in the domains (15.251) . By the inverse function theorem, 
g has an inverse, g~ l {r), a strictly decreasing continuously differentiable function on [p(0i), g{0 2 )\. Set 
/(0) to be the difference h{r ) — p _1 (r). Then / is continuous and strictly increasing on [g(9i), g(0 2 )\ with 
f(g(Q \)) < 0 and fig (9 2 )) > 0. By the intermediate value theorem, there is a unique r* so that f(r*) = 0. 
Set 0* = h(r*). Then (r*, 6*) is the unique element of (15.271) and it lies in the interior of 7 Za,b- 

The cases with A < —B/6 or A > B/6 are handled very similarly to the above, the only difference 
being that now g'(0) > 0 and h'(r) < 0. 

For the last case we have A = ±77/6. With (15.261) we may easily show that \g'(6)\, \h'{r)\ < 1. Since 
h! may be zero, it does not necessarily have an inverse. Consider 1Za,b as a rectangle in the r 0 plane and 
rotate it about the origin, say, by an angle of 7r/4. The curves corresponding to the rotated curves (r, h(r)) 
and (g(9), 9) may now be expressed as graphs of functions (of positive and negative slope, respectively) and 
our previous argument applies. □ 

Theorem 15.61 establishes the B 0 case of Theorem 11.11 (except for simplicity) and shows that when 
4> a ,b has a zero it is close to e 2mA / B . i n the next section, we find each zero more precisely. 


6 Newton’s method for 


Proposition 6.1. Let L be a line in C that is a distance r > 0 from the origin. Suppose z and c are two 
points in the half plane that is bounded by L and does not contain the origin. If the ray (— 00 , 0] intersects 
this half plane, we also assume z and c are on the same side of {— 00 ,0]. With these assumptions 


logO) - log(c) 



1 

2 F 1 ' 


Proof. As in Proposition 14. 1 1 express log(z) with the first two terms of its Taylor expansion at c to get 

log(z) = log(c) + log'(c )(2 - c) + ^ ^ - t dw 

2m J c (w — c) z (w — z) 

with C a positively oriented circular curve of radius T containing z and c, similar to Figure [2] but this time 
avoiding the branch cut (— 00 ,0]. Let the horizontal paths above and below the cut coincide. The values of 
log on these paths differ by 2 ttv', as in (12.21) . We now rotate these horizontal paths away from z and c, (using 
values of the continued log that keep the difference on the two paths as 2iti), until they arc perpendicular 
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to L, not intersecting it. To keep track of the angle, suppose these paths now pass through a with |o:| = 1. 
Letting T —>• oo and e —>• 0 we find 


1 


log (w) 


2iri J c (w — c) 2 (w — z ) 


dw = — 


f 

Jo 


a 


(at — c) 2 (at — z ) 


dt. 


( 6 . 1 ) 


Since \at — c\, \at — z\ ^ t + r, the right side of (16.11 ) is bounded in absolute value by / 0 °°(f + r) 3 dt = 


l/(2r 2 ) as required. 
Define 


□ 


M(s) : = ( 21 °g (4/3) + 8 7 t 


(4s + l) 2 


+ 3. 


Proposition 6.2. Let L be a line in C that is a distance s > 0 from the point 1. Suppose z and c are two 
points in the half plane that is bounded by L and does not contain 1. If the ray [1, oo) intersects this half 
plane, we assume z and c are on the same side of [1, oo). With these assumptions 

|Li 2 (z) - Li 2 (c) - (z - c) Li 2 (c)| ^ \z - c| 2 M(s). 

Proof. As in Propositions 14.11 and 16. 1 1 we must bound the remainder term in 

(z-c) 2 f Li 2 (m) 


Li 2 (z) = Li 2 (c) + (z - c) Li 2 (c) + 


L 


2ni Jc ( w — c) 2 (w — z) 


dw 


where C is the circular path of radius T containing z and c in Figure |2] Let the paths above and below 
the branch cut [l,oo) coincide - the difference between values of Li 2 (u>) with w coming from above and 
below the branch cut is 2 tt/ log(w;) by (12.31) . Similarly to Proposition 16. 11 we rotate these horizontal paths 
away from z and c until they are perpendicular to L, using values of the continued dilogarithm that keep the 
difference at a point w on the two paths as 27ri log(m). Suppose these paths now pass through 1 + a with 
|a| = 1. Letting T —>• oo and £->0we find 


-/ 

Ini Jc 


Li 2 (m) 


dw = 


27 vi Jc (w — c) 2 (w — z) 
Then \at + 1 — c|, \at + 1 — z\ ^ t + s imply 

a log(af + 1) 


f 

Jo 


alog(at + 1) 


/ 

Jo 


(at + 1 — c) 2 (at + 1 — z) 

log(at + 1)| 


dt. 


(at + 1 — c) 2 (at + 1 — z) 

With the straightforward inequality 


dt 




r 

Jo 


(t + sf 


dt. 


|log(z + 1)| ^ ~ log 


1 


1 - Y 


Na<i) 


we have | log(crf + 1)| < 41og(4/3) • t for |t| ^ 1/4. Also 

| log (at + 1)| ^ | Im log (at + 1)| + |Relog(at + 1)| ^ 7r + log(t + 1), 

so the right side of (16.21) is bounded by 

log(t + 1) 


( 6 . 2 ) 


(6.3) 


(6.4) 


" 1 / 4 41og(4/3)t^ + '•°° 


(t + sf 


f 

J 1 


7r 


1/4 (t + s)' 


■ dt -(- 


1/4 (t + Sf 


■ dt 


c 2 log(4/3) | 


87T 


+ 


s(4s + l) 2 (4s + l) 2 J 1/4 


r 

j i/ 


log(t + 1) 
t 3 


The last integral on the right of (16.51 ) equals 2 + ^ log(5) - 16 log(2) < 3. 


dt. (6.5) 

□ 
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Let A, B be integers with —B/2 < A ^ B/2. We know that 4>a,b{p) = 0 for some unique p € TZa,b- 
Let 1Z' A B be a convex version of 1Za,b with the boundary arc of radius n (A , B) replaced by a straight line 
between the comers. Let c be any point in 1Z' A B . Then 

|c • 4>'a,b( c )\ = I — l°g(l — c) + 2niB\ ^ tt(2B - 1) (6.6) 

and in particular f A B (c) f 0, so that c* := c — <Pa,b(c)/4>'a b( c ) ma kes sense. 

Theorem 6.3. Let A, B be integers with —B/2 < A ^ B /2. If p, c € 1Z' A B with 4>a,b(p) = 0, then 


\p — c*\ < B\p — c| 2 x 



if A ^ 0 
if A = (). 


(6.7) 


Proof. Suppose all points in 1Z' A B are at least a distance r from 0 and s from 1. Then Propositions 16.11 and 
16.21 imply 

\4>a,b(p) - 4>a,b(c) - {z - c)f' A)B {c )| ^ I p- c| 2 (vr B/r 2 + M(s)) . (6.8) 

Combining (16.81) with (16.61) shows 


\p — c*| ^ \p- c\ 2 ■ B ■ N{A,B) 


(6.9) 


for 


N(A,B) :=r 2 (A,B) 


■k B/r 2 + M(s) 


ttB(2B - 1) 

since |c| ^ r' 2 ( A . B). Looking at the easier cases with .4 f 0 and B f 2 first, it is routine to show 


r 2 (A, B ) < 6/5, r > 9/10, s > 2/B. 


( 6 . 10 ) 


( 6 . 11 ) 


With these numbers, for ,4 f 0, 


N(A, B) < 


6 


lOOvr 


5tt( 25-1) l 81 


+ 


i / 87r 

l0g( 3 + -B 


B 


B +, 


+ 


B 


( 6 . 12 ) 


Then N(A, 2) < 0.76, N(A, 3) < 0.43, N(A, 4) < 0.30 and if we replace -g^g by 1 in (16.121) we see that 
N(A, B ) < 0.42 for all B f 5. This proves the theorem for A f 0. 

To treat the cases with A = 0 we need to rework Proposition 16.21 a little. The set 1Z' 0 B has all its points 
at least An(n/(24B) > 1 /(8/1) vertically above M. Taking a = —i in Proposition 16.21 means we need to 
bound | log(— it + 1)| = | log(if + 1)| in (16.21) . 

Lemma 6.4. We have \ log (it + 1)| ^ tfor all t f 0. 

Proof Let 6 = arg(ff + 1) and our desired inequality is equivalent to 

g(6) := tan 2 6 — 6 2 — log 2 (cos 9) ^ 0 (0 ^ 6 < tt/2). 

With IRad731 (11.3)], write 

- OO 

tan 6 = - ^ a n 9 n for 

n=2 

This expansion is valid for \f)\ < tt/2. Therefore 


Oj-n. — 


2 n (2 n — l)\B n \/n\ > 0 if n is even 
0 if n is odd. 


lb 

tan 2 9 = "Y2 9 n ^ aja n -j ■ (6.13) 

n =4 j =0 
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Since log(cos$) = 2 T+I® n we find 


00 n 


log 2 (cos 0) = r 


Q'jQ'n—j 


n=4 j=0 


(j + 1 )(n-j + 1)' 


(6.14) 


Comparing (16.131) and (16.14b shows 


tan2#> 51ogW) 


and so 


g(6) ^ -Q 2 + ( Q 2 ~ 1 ) lo g 2 (cos(9) 


Since log 2 (cos(9) = 9 A /4 + ••• it follows that g{6) ^ 0 for 0 ^ 6 ^ 1. When 1 ^ 6 < 7t/ 2 it i 


straightforward to verify that g(6 ) ^ 0 since g'(9) > 0 in this range. 
Now the remainder term in (16.21 ) is 

t 


J 


1 o g (-*t+ 1 )| d - 


/ 


1 


(t + s) 3 f// 2s ’ 


(f + s ) 3 

The quantities we need for TZ' 0 B satisfy 

r 2 ( 0, 5) = 1, r > 9/10, s > 1/(85). 

Then (16.91 ) is true with M (s) in (16.101) replaced by 1/(2s) from (16.151) . We obtain 




- 1 ) 


so that 1V(0, 5 ) ^ 1V(0,1) < 2.51 for 5^1. This completes the proof of Theorem l6.31 


is 

□ 


(6.15) 


(6.16) 


(6.17) 


□ 


Theorem 6.5. Let A and B be integers satisfying —5/2 < A f 5/2. Let p be the unique zero of 4 >a,b- 
Then the sequence Co, ci, ■ • • in Ob converges to p with 


|p — c n | < 1.25(0.95) 2n . 


(6.18) 


Proof. Suppose first that A f 0. The distance between any two points in VJ A B may be shown to be less 
than 6/(55). It then follows from Theorem 16. 3 1 that for any c € VJ A B we have \p — c*\ < \p — c\ so that c* 
remains in 1Z' A B . We have Co € JZ' A B and repeated applications of Theorem 16. 3 1 show that 

0.85|p - c n | < (0.85|p - c n _i|) 2 < (0.85|p - c n _ 2 |) 4 < ■ • • < (0.85|p - c 0 |) 2 . 

The inequality (16.181) now follows using \p — cq\ < 6/(55). 

The case with A = 0 is proved similarly. Use that the distance between any two points in 1Z' {] B is less 
than 1/(35). □ 


7 Further results 

Lemma 7.1. We have 


iog(i - e i9 ) = - ci' 2 (0) + \{e- Tt-^j (0 < \e\ < tt). 

Proof We may write 1 — e ld = — e l9 / 2 2i sin(0/2) = e*( e ^ 7r ^ 2 2 sin(0/2). Taking logs with appropriate 
branches and using Cl ' 2 {0) = — log 12 sin(0/2) from (12.101) completes the proof. □ 
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Lemma 7.2. For 0 < \9\ ^ 7r 


|C1' 2 (6>)| ^ log ^max|2, 


Proof. When 7r/3 ^ |0| ^ n we have 1 ^ |2sin(#/2)| ^ 2 so that | log |2 sin(#/2)|| ^ log 2. When 
0 < |0| < 7r/3 we have 12sin(6*/2)| < 1 and using the inequality | sinx| ^ 3|x|/7r for \x\ ^ 7r/6 implies 


|log |2sin(0/2)| | = log 


1 




|2sin(6>/2)| 

Theorem 7.3. Let A and B be integers satisfying —B/2 < A f B/‘2 and suppose 0A.n(p) = 0. Then 


□ 


= e 27TiA/B ( 1 + 


- Cl 2 (27rA/B) + in 2 B 2 (\A\/B) \ 


2nB 




+ o 


1 + log B 

1Y 2 


(7.1) 


Proof Let co and ci be as in Theorem 16.51 With (16.121) and (16.171) it is easy to see that B ■ N(A, B ) is 
bounded by an absolute constant. Also \p — co| < 6/(5 B), as we have seen in the proof of Theorem 16.51 so 
that (16.91) implies 

l/o — ci| =0(B~ 2 ). (7.2) 

Now for A^O, 

fA, B (co) = -U 2 {e 2 * iA / B ) = TT 2 B 2 (\A\/B)+iCh{2nA/B) 

with (12.81 ) and (f2~9l) . Also 


co</4,b(co) = 2t HB - log(l - e 2mA/B ) = 2iriB + C1' 2 (2 ttA/B) + 2ni 

using Lemma l7Tl Therefore 

o) _ -Cl 2 (27rA/j7)+z7r 2 i7 2 (|A|/i3) 1 

c o0'a,b( c o ) 27tB l + x 

for 

v •= I (_A 4 . M _l Cl' 2 (2nA/B) 

‘ B\ 2B A\A\J 2t riB 

We have 

|Cl / 2 (27rA/ J B)| s£log(2B) (7.4) 

in an easy corollary to Lemma 17721 Use ( 17.41) to see that 


< 7t/ 2 + log(2-B) < 1 
1 1 ^ 2irB 2 

and hence (17.31 ) and (17.51) together imply 


1 

1 + X 


- 1 


sC 2|X| ^ 


7 r + 21og(2B) 
2nB 


(7.5) 


, 4>a.bM , , -Ch(2*A/B) + i^B 2 (\A\/B) : n fl+logB\ 

+ -27tB- +0 {— <7 ' 6) 

Multiplying both sides of (17.61) by co and using (17.21) completes the proof of (17.11) . 

In the case A = 0, our goal (17.11) becomes p = 1 + m/(V2B) + 0((1 + logi?)/7? 2 ). Similarly to (17.61) 
we find 

., _ 0 o,b(cq) = n (1 + log-B \ 
cof' 0 , B {c 0 ) V B 2 ) 

by using (12.141) . Multiplying by cq then shows 


Cl = e W(12B) + Q 


^ 1 +log B ^ 


(7.7) 


Finally, (17.71 ) and (17.21 ) prove (17.11) . 


□ 
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Theorems 16.51 and 17.31 above establish Theorem 11.31 The following result completes the last part of the 
proof of Theorem ll.il 

Proposition 7.4. For A and B £ Z, all zeros of f a.b{ z ) are simple. 

Proof. The zero of Li 2 (z) = f^fift) at z = 0 is clearly simple by (11.11) . For B = 0 and A ^ 1, we have by 
( 12 . 11 ) and Proposition 13.31 that 


P ■ ^A,o(p) = ~ iogU - P) < -7T\/8,4 - 1/3 < 0, 

which shows that p is simple. For —B/2 < A ^ B/2, if <p' A B (p) = 0 then 2-KiB = log(l — p) by (12.11) . 
But this is impossible since — n < Imlog(l — p) ^ vr. □ 

Another way to verify the simplicity of the zeros of <Pa.b(z). as well as their existence and uniqueness, 
is with the argument principle. Let C be the contour shown in Figure 0 but also avoiding the branch cut 
(—oo, 0] if B 0. Then for 


*c(A,B) 


1 f A,b( z ) , 

- / - 7 —r dz 

2m J c (Pa,b(z) 


counts the number of zeros of 4>a,b(z) in the interior of C with multiplicity. Letting the horizontal paths 
coincide, the large radius of C go to infinity and the small radii go to zero, we define \P(A, B) which counts 
all the zeros of 4>a,b{z)- With (12.21 ) and (12.31) we obtain 


27ri x F(A, B) 


f°° ( ftA,B+li Z ) _ ftA,B( z ) \ ^ f° ( ft A,B ft) _ ftA+B,Bft) \ ^ 

J 1 \<t>A,B +1 ft) <j>A,Bft) J ~ J-oo \<f>A,Bft) 4>A+B,Bft) J 


(7-8) 


Note that B) correctly counts the zeros of 6a.b{z) when B = 0; in that case there is no branch cut at 
(—oo, 0] to avoid and the second integral in (17.81 ) is zero. Theorem 11.11 implies 


*(A,B) 


'l if B = 0, A ^ 0 
< 1 if - \B\/2 < A ^ \B\/2 
0 otherwise 


(7.9) 


with the right side of (17.91 ) indicating a single simple zero with 1 and no zero with 0. Checking formula (17.91 ) 
numerically, we confirm that it is true for |.4|, \B\ f 50. Perhaps (17.91 ) can be proved directly from (17.81) . 


8 Zeros of polylogarithms 

The dilogarithm Li 2 {z) is a special case of the polylogarithm, also known as Jonquiere’s function ltJon89l . 


Li s ( 2 ) := ^ -7 for |^| <1, s € C. 


n= 1 


As a function of z, it has an analytic continuation to all of C and in general will be multi-valued with branch 
points at 0, 1 and 00 , see for example Sections 4, 11 of [Vep08j. It satisfies 


z-^ Li s (z) = Li s _i(z). 


( 8 . 1 ) 


17 












8.1 Zeros of Li s (z) for Re(s) > 0 

Here we discuss what is known about the zeros of Li s (z) for s G C with Re(s) > 0. 


Theorem 8.1 (Le Roy, 1900 ULROOil ). For r > 0, Li r (z) has exactly one zero for z G C — [1, oo). It is at 
z = 0 and is simple. 


Proof. We use Jonquiere’s representation liJon891 


LisOO = 


r-oo t s-l 


dt 


r 0) Jo e-t-z 

Then for s = r > 0 and z = x + iy, the imaginary part of Li T (z)/z is 


(Re(s) >0, z G C — [1, oo)). 


( 8 . 2 ) 


JL f 

r(r) Jo 


j.r—1 


r(r) Jo (e* - x) 2 + y 2 


dt 


and therefore non-zero for y f 0. For y = 0 we have z = x < 0 and so, clearly, Li r (x)/x > 0. We have 
shown that Li r {z)/z is finite and non-zero for z G C — [1, oo) as required. □ 

For s = 2 we have a clear picture of the zeros of Li 2 (z) with Theorems 11.11 - 11.31 When s = 1 we 
have the simple case Lii(z) = — log(l — z). Clearly Lii(0) = 0 gives the only zero on the principal branch 
and Lii(z) is non-zero on every other branch. Going in the other direction, if we let Li-.fz) denote the 
trilogarithm on its principal branch, it may be shown (see | Vep08[ p. 246]) that on any branch it has the form 


Li 3 (z) + 4ir 3 iA + 2ir 2 B log(z) — niC log 2 (z) {A, B,C G Z). 


(8.3) 


By studying when the real and imaginary parts of (18.31 ) vanish, as in Section [5] it should be possible to 
approximately determine the zeros. Looking at some cases, it seems there may be up to two zeros on each 
branch and these zeros are close to the unit circle. 

For general s with Re(s) > 0, the only result on the zeros of Li s (z) seems to be that they are finite in 
number liGaw79ll for z on the principal branch. Vepstas gives an efficient method to compute polylogarithms 
in | [Vep08) and displays the zeros of Li 1 / 2 +so i( z )’ Lii/ 2 + 15 i( z ) an< i i n fh e phase plots | |Vep08| 

Figs 8-10]. In these cases the zeros lie near the unit circle. If s n is a zero of the Riemann zeta function £(s) 
then Li Sri (z) has zeros at z = ±1. As s moves continuously near s n the corresponding 2 zeros of Li s (z) 
show interesting behavior moving near ±1. This connection is explored in HFK751 . 

For another example, Figure Q] shows the zeros of Li s (z) for s = 10 + 44*. The zeros were found 
numerically by combining a phase plot with Newton’s method. The spiraling curve that these zeros are 
making seems to be of a similar form to (18.201) . It would be interesting to identify it exactly. 



Figure 4: The zeros of Li s (z) for s = 10 + 44* 
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8.2 Zeros of Li a (^) for Re(s) < 0 

Much more is known about the zeros of Li s (z) for Re(s) ^ 0. We look at the case when s is an integer first. 
Applying (18.11 ) to Lii (z) shows Lio(z) = z/{ 1 — z), a rational function. For —m G Z.;o write 




Then (18.11) implies 


(1 — z 


therefore recursively define the functions A m by 

A 0 (z) := 1, A m+ i(z) := (l + mz)A m {z) + z(l - z)A' m (z ) 


We may 


(m G Z^ 0 )- 


(8.4) 


(8.5) 


( 8 . 6 ) 


Flence A m [z) is a polynomial and for rn G Z^i it has degree m — 1. These are the Eulerian polynomi¬ 
als, introduced by Euler in connection with evaluating the Rienrann zeta function at negative integers. For 
example 


A\(z) — 1 , A-2(z) — l + Z, ^.3(2) — 1 + 42 + 2 2 , ^4(2) — 1 + II2 + II2 2 + 2^. 

The coefficient of z k in A rn ( 2 ) has a combinatorial interpretation as the number of permutations of {1, 2,..., rn } 
with k ascents, see IGKP94 , Sect. 6.2], Frobenius also showed in |[Frol0l that 

A m (z) = k\\™ \ (2 - 1 ) m ~ k (m G Z^ 0 ) 

fc =0 ^ ' 

with the Stirling number {"'} indicating the number of partitions of m elements into k non-empty subsets. 

We have 


z m l A m {l/z) = A m {z) {m G Z^i) 


(8.7) 


which is equivalent to 


(-l) m+1 Li_ m (l/ 2 ) = Li_ m (2) (m G Z^i) 


( 8 . 8 ) 


and (18.81 ) may be easily established using (18.11 ) and induction. 

Thus by (18.41 ). Li_ m ( 2 ) is a rational function and its zeros are at 2 = 0 along with the zeros of the 
Eulerian polynomial A m (z). Frobenius showed in llFrolOl that the zeros of A m (z) are always distinct and 
negative. For completeness, we give a short proof that also shows their interlacing property. This proof is 
based on [Pey66 1. Thm. 4] in a special case - see also jB6nl21 Thm. 1.34] for a slightly weaker result. 


Theorem 8.2. For m G Z^i the Eulerian polynomial A m (z) has m — 1 distinct zeros. If A m (p) = 0 then 
p < 0 and A m (1 ip) = 0. Also, exactly one zero of A m (z) lies between each pair of consecutive zeros of 

A m +i (z)- 


Proof Suppose, for our induction hypothesis that A m (z) has m — 1 distinct negative zeros. Note that by 
(18.61) . 2 = 1 is not a zero of A m+ i(z). Therefore, by (18.51) . the zeros of A rn+ \ (z) must be the zeros of the 
derivative of 

2 -A m (2 )-(l-2 )- m - 1 . (8.9) 

By Rolle’s Theorem, this derivative has zeros between the zeros of A m (z) as well as one between the greatest 
zero of A m (z) and 0. Since (18.91 ) goes to 0 as 2 —>• — 00 , the derivative is also zero at a value less than the 
least zero of A m (z). This accounts for all m zeros of A m+ \ (z) and completes the induction. That the zeros 
come in reciprocal pairs follows from (18.71 ). □ 
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In | Pey66| Thm. 4], the above theorem is extended to all negative real numbers: 


Theorem 8.3 (Peyerimhoff, 1966). For r < 0, Li r (;s) has — |_rj simple zeros for z € C — [l,oo) and they 
are all ^ 0. 


Sobolev, in HSob7711 . seems to have been the first to locate of the zeros of A m (z) for m large, with an 
explicit form for the error given in 1 Sir78l . We give this result next along with the proof, since li Sob771fSir78tl 
give only brief summaries. Further results on these zeros appear in l Sob781[Sob79al[Sob79b l. 


Theorem 8.4. Fix M ^ > 1. Suppose to is large enough that 


K := ( 1 + ^ \/97T 2 + iog 2 M 


7T 2 + l 0 g 2 M \ (m+1)/2 


97r 2 + log 2 M 


f 1/3. 


Label the zeros of A m (z) as A m _i < X m -2 < ■ ■ ■ < Ai < 0. Then for each j with —M ^ A j ^ —1/M we 
have 

^(2/ + 1 + e i) ^ fQr l£jl<2K /3. 


Xn = — exp —7rcot . 

3 ' 2(m + l) 

Proof. Lipschitz’s formula (an application of Poisson summation) gives 


7T 


1 —s 


£ 


^2(2ki 

fcez 


— z 


iS — 1 


(Re(z), Re(s) < 0) 


T(1 — s) n s 

x 7 n =1 

in a special case, see !Rad731 Sect. 37]. With z = i + t and s = —m in (18.101) we obtain 

r l+m °° ^ 

((2fc — l)i — t) m+1 


( 8 . 10 ) 


7r 


ml 


Li_ m (-e^) = 2Re^ 


(m S Z^i). 


( 8 . 11 ) 


Equation (18.111 ) is now valid for all t € M, because of the convergence of the right side of (18.111) . and clearly 
both sides of (18.1 II) are smooth functions of t. For m large, the tenn with k = 1 on right side of (18.1 II ) is 
largest. Let R m (t) be the rest of the series. Then 


LU^-e^) = 0 


2Re 


(i - f) m+l 


+ Rm(t) ~ 0 


( 8 . 12 ) 


where 






+ 


^ ((2k - l) 2 + *2)(m+i)/2 " (9 + f 2 )(m+i )/2 J 2 ((2x - l) 2 + f 2 )(m+i )/2 


k =2 


f 


2 dx 


This last integral is 

/*oo 

J 3 

and we have shown 

Next write 

to get 


du 


A 


1 


du 


( U 2 + f 2 )( m +!)/ 2 ^ (9 + t 2 )(™~ l)/2 J 3 U 2 + t 2 

du 


€ 


(9 + f 2 )C 


1_ f 

)(—R/ 2 J 0 


7r 


0 u 2 + 9 + f 2 2(9 + t 2 ) m / 2 


\ R m (t)\ < (9 + t 2 )(m+1)/2 ( 2 + 2 \/9 + f 2 ) • 


7 r 


if + 1 = \J\ + 1 2 ■ e with t = tan(7T0) for — — < 9 < 


2Re 


2cos(vr(m + 1)(0 + 1/2)) 


(i — t) m+1 (1 +t 2)(m+l)/2 


(8.13) 
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Let 


R*m(t) :=^(l+i 2 ) (m+1)/2 i? m (i) 
and (18. 1 21) implies that Li_ m (— e 7rtan ( 7re )) = 0 if and only if 

cos(7r(m + 1)(9 + 1/2)) + i?^(tan(7r#)) = 0. 


(8.14) 


The values of t we are interested in have — M f —e nt f —1/M, which is equivalent to vr|t| ^ logM, 
and we see from (18.131) that R/ n (t)\ ^ K f 1/3 for these values of t. The corresponding range of 9 is 
-X € 9 € X for 


X := — arctan 
7r 


log M 


0 < X < 


7T 


7T ) 2 

So now we study the left side of (18.141 ) for —X ^ 9 ^ X. Write 9 uniquely as 

2 j — m + e 


for 


j e Z, -l < e < l 


(8.15) 


2 (m + 1) 

and all the zeros of cos(7r(m + 1)(0 + 1/2)) occur for j € Z and e = 0 since 

cos(7r(m + 1)(0 + 1/2)) = (—l)- 7 " 1 " 1 sin(7re/2). (8.16) 

Lemma 8.5. If Li_ m (_ e 7r tan(7rfl)^ _ Qy or _ y f 9 f X then 9 is of the form (18.15b for some jgZ and e 
satisfying |e| ^ 2A'/3. 

Proof With (18461) and (f844l) 

|sin(7re/2)| = cos(7r(m + 1)(0 + 1/2)) = |i?^(tan(7T0))| ^ K. 

Recalling that |sin(7rx)| ^ 3|.x for \x\ ^ 1/6 gives the desired inequality fore. □ 

Set 9j := 2 {!n+i) f° r 3 ^ We see now that, for —X f 9 f X, the left side of (18.141) is possibly zero 


only for 9 in intervals of the form [Oj — 


K 


9 j + 


K 


3 (»*+l) ’ "3 ^ 3(m+l) 


|. It is also clear from Lemma[83] and (18.161 ) 


riiJJ ’ 

that outside these intervals the left side of (18.141) alternates > 0 and < 0. Therefore there is at least one zero 
in each such interval. 

The next lemma shows there is at most one zero for 9 in each of these intervals - this point was not 
addressed in llSob77lfSir781 . 

Lemma 8.6. The left side of (18.141) is strictly increasing or decreasing for —X f 9 f X when 6 is in the 
interval [9, - 9j + 

Proof A short computation, using cos 2 (7t$) = 1 + t 2 , shows that of the left of (18.141) may be expressed 
as 


ir(m + 1) 


(8.17) 


- sin(7r(m + 1 ){6 + 1/2)) + + R^(t) + +f2 p Ki+ift) 

Write 9 in the form (18.151) with |e| ^ 2/\/3. Since 

sin(7r(m + 1)(0 + 1/2)) = |cos(7re/2)|, 

^TW R * mit)+ 0^ R * m+l{t) <2K 

we see that (18.171) is non-zero if | cos(7re/2)| > 2 K and this is equivalent to 1 — sin 2 (tts/ 2) > 4A 2 . With 
| sin(x)| ^ |x| we see that | 810(776/2)1 ^ -kK/3 for |e| ^ 2AT/3. Hence 


K 2 < 1/(4 + tt 2 /3 2 ) 

implies (18.171) is non-zero. Inequality (18.181) is true by our assumption K < 1/3. 


(8.18) 

□ 
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We have therefore shown that every zero A of Li _ m (z), for — M ^ A ^ —1/M, is of the form 


( ( 2j-m + e\\ 

V V 2(m + l) )) 

= —exp 7rcot f 7r ^ 2 (~*~ with |e| ^ 2K/3 (8.19) 


and also that there is exactly one zero of the form (18.191) when the interval [Oj — Oj + gp^piy] is 

contained in (— X, X). It only remains to match (18.191 ) with the ordering of the zeros A m _i < ■ ■ ■ < \\. 
(Recall from Theorem 18.21 that A m _j = 1/A j.) If m is even then j = m/2 in (18.191 ) gives the zero of 
Li - m (z) closest to z = —1. In fact z = A m / 2 = — 1 is the middle zero in this case. Also j = m/2 — 1 
in (18.191) gives the next zero to the right and j = m/ 2 + 1 the next to the left. Hence A j is given by (18.191) . 
Similarly for m odd. This completes the proof of Theorem 18.41 □ 

The above theorem is also essentially equivalent to 1GS841 Thm. 4] and we have used their ordering of 
the zeros since it generalizes to other s values more readily. As an example, take M = 1000 and m = 10, 
giving K « 0.034. The leftmost two zeros of A\q(z) are Ag ss —963.85, As ~ —37.54 and all zeros 

are between —M and —1/M. By comparison, the values of —exp 7rcot {/x ■iirn+i) ) ) ^ or •? = 9,8 are 
—971.78, —37.55. We have \£j\ < 0.0032 for 1 ^ j ^ 9 and this is less than 2/T/3 ~ 0.023. 



Figure 5: The zeros of Li s (z) for s = —10 — 44 i 


Gawronski and Stadtmiiller in HGS841 generalize Theorems 18. 4l and l8.3l to the zeros of Li s (z) for sGC 
with Re(s) < 0. The required computations become much more elaborate in this general case. Though 
the work in IGS841 is independent of liSob77l . it is based on the same essential idea. Starting with (18.101 ). 
replace z with z + i and ignore the terms with A: / 0. 1 to show 


7T 


1 —s 


■Li s (-e^) 


1 


+ 


1 


T(1 — s) ' (i — z) 1 s (—i — z) 1 s 

where the error may be explicitly bounded. Therefore 


Li s (—e 71 ^) — 0 < (=x- 1 + 


i — z 


—i — z 


1 —S 


0 


i — z 


—i — z 
Z £3 — cot 


exp 


m(2j + 1) 
1 — s 

tt(2 j + 1)' 


2(1 ~s) 

and we expect the zeros of Li, s (. 2 j to approximately take the form 

V(2j + 1) 

2(1 -s) 


C 3 € Z) 
(j G Z) 


— exp —7r cot 


( 8 . 20 ) 
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Due to branch considerations, (18.201 ) will correspond to zeros of Li s (z) only for certain integers j ^ 0, see 
IIGS841 Lemma 2, Thm. 2], 

Figure [5] shows the zeros of Li. s (c) for s = —10 — 44), found numerically. They are indistinguishable, at 
the scale of the figure, from the points 0 and (18.201 ) for j = 0,1, • • • , 139. This s satisfies s = (1 + n)(l + 
4 i) — 1 for v = 10. If we change s by increasing v, then the number of zeros of Li s (z) increases, all getting 
closer to the spiral shown in Figure [5]and filling it more densely. See I CIS 84 Thm. 2] for precise statements. 

It should be possible to extend the results in I GS84 I to all branches. We have seen that L^z) has 
infinitely many zeros if we include those of every branch, while Lii(z) has only one zero. A natural question 
arises: for any fixed s € C, how many zeros does Li s (z) have on all branches? 
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